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Abstract. A subset A of a group G is called (k, X)-sumset, if A = kB — IB 
for some B C G, where kB — IB = {xi + • • • + — x^+i — • • • — x^+i : 
xi , . . . jXk+i e B}. Upper and lower bounds for the number (k, l)-sumsets 
in groups of prime order arc provided. 



1 Introduction 

Let p be a prime number and k, I be nonnegative integers with k+l > 2. Write 
Zp for the group of residues modulo p. A subset A C Z p is called (k, l)-sumset, 
if A = kB— IB for some B C Z p , where kB— IB = {x-\ +• • -Ux^— x^ + -\ — • •— x^ + i : 
xi,...,Xk+i € B}. Write SSk,i(Z p ) for the collection of (k, l)-sumsets in Z p . 
B. Green and I. Ruzsa in [1] proved 

p 2 2 P/3 < |SS 2 ,o(Z p )| <2 v/3+e[v] 

where 0(p)/p — > as p — > oo and 9(p) p(log log p) 2//3 (log p)~ 1//9 (hereafter 
logarithms are to base two). 

The aim of this work is to obtain bounds for the number |SSic v(Zp)|. We 
prove 

Theorem 1 Let p be a prime number and k,l be nonnegative integers with 
k + l > 2. Then there exists a positive constant such that 

^p/dfk+D-i) < \ss Kl (Z p )\ < 2(P/(k+i+i))+(k+i-2)+o( P )_ (1 ) 
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2 Definitions and auxiliary results 

Let R be the set of real numbers, fi : Z p — > R, i = 1 , . . . , m, and x £ Z p . We 

set 

(fl * • • • * f m )(x) = 
= J~ • • ^~ fi(xi) ...f m _i(x m _i)f m (x-xi x m _i) (2) 

X, gZ p x m _,GZ p 

and 

f(x) = Y_ f (y) e2 

yGZp 



p . 



The function f (x) is called Fourier transform of f. 
Lemma 2 We have 

(fi*"^f m )(x)=fJ(x)...Qx). (3) 

Proof. By definition 

(fl * • • • * fm)M = ^ (fi * • • • * f m )(y)e 2ml F = 
yez p 

= Y- Y- " X fl(lJl) •••"fm-l(ym-l)x 
yGZ p y,gZp y m _,GZ p 

xf m (-y--yi y m -i)-e " ...e p -e p = 

= > fi(Ui)-e p ••• 2_ f m-i(ym-iJ-e P x 

ez p 

V— ZTtt ^"^ 1 Htn-l)* ~ — - 

x 2_ Uy-Di Um-i)-e p =fi(x) ...f m (x). 

yGZp 

□ 

Denote the characteristic function of a set A by XaM- Let Ai,...,A m be 
non-empty subsets of Zp. Then (xa, * ••• * XA m )M will be the number of 
vectors (x-j, . . . ,x m ) £ Ai x • • • x A m such that x = xi + • • • +x m (mod p). Set 

AH + A m = {xi H h x m (mod p) : X\ € Ai , . . . , x m € A m }. We define 

Sh,m(Ai , . . . , A m ) = {x € Zp : (xa, * ■ ■ ■ * XA m ) W > H where h > 0. Further, 

for any integer i and any A C Zp denote the set A + h A by iA, and the 

i 

set {p — x : x G A} by -A. 
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Theorem 3 (Cauchy-Davenport, [2]). Let Ai,...,A m be non-empty subsets 
of Z p . Then |Ai + ---+AJ > rnin(p, |Ai | + • • • + |A m | - (m - 1 )). 

Theorem 4 (Pollard, [3]). Let Ai,A 2 be non-empty subsets of Zp. Then 

|Si )2 (A b A 2 )| + • • • + |S t)2 (A b A 2 )| > tmin(p, |A, | + |A 2 | - t), 

where t < min(|Ai |, IA2I). 

Theorems 3, 4 imply the following two statements. 
Lemma 5 Let A] , . . . , A m non-empty subsets of Zp. Then 

|S 1 , m (A 1 , . . . , A m )| + • • • + |St, m (Ai , . . . , A m )| > 

> t min(p, |A, | + • • • + |A m | - t - m + 2), 
where t < min(|Ai |, . . . , |A m |). 

Proof. Without loss of generality we assume |Ai| = min(|Ai |, . . . , |A m |). By 
Theorem 4 we have 

IS^At, (A 2 + • • • + A m ))| + • • • + |S t ,2(A,, (A 2 + • • • + Am))! > 

>tmin(p,|Ai| + |A 2 + --- + A m |-t), (4) 

where t < |A-| |. 

On the other hand by Theorem 3 we have 

|A 2 + • • • + A m | > min(p, |A 2 | + • • • + |A m | - (m - 2)). (5) 
Substituting (5) in (4), we obtain 

|S 1)m (A! , . . . , A m )| + • • • + |S t ,m(Ai , . . . , A m )| > 

> |S 1)2 (A b (A 2 + • • • + A m ))| + • • • + |S t)2 (A l5 (A 2 + ... + A m ))| > 

> t min(p, |Ai I + ■ ■ ■ + |A m | - 1 - m + 2). 

□ 

Lemma 6 Let A-\ , . . . , A m be non-empty subsets of Zp andh < min (|Ai |, . . . , |A m |). 
Then 

iSn.mfA! , . . . , A m )| > min(p, |A, | + • • • + |A m | - m + 2) - 2(hp) 1/2 . 
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Proof. Note that |Si >m (Ai , . . . , A m )| > |Sj )TTl (Ai, . . . , A m )| for i < j. Choose 
h < t < min (|Ai |, . . . , |A m |). By Lemma 5 we have 

t min(p, | A, | + • • • + |A m | - t - m + 2) < 
< |S 1 , m (A 1 , . . . , A m )| + • • • + iSt.mCA! , . . . , A m )| < 
< hp + t|S (At,..., A 

mjl- 

Putting t = (hp) 1//2 , we get 

min(p, |Ai | + ■ ■ ■ + |A m | - m + 2) - 2(hp) 1/2 < 
< min(p, |At | + • • • + |A m | - m - (hp) 1 / 2 + 2) - (hp) 1 / 2 < 
< |S h , m (A 1 ,...,A m )|. 

□ 

Lemma 7 Set T T)S (Z p ) = {A C Z v : |A| < p/(r + 1)s}. Then there exists s 
such that 

|r r , s (z p )|<2^ +1) . (6) 

Proof. Let n, m be positive integers, 1 < m < n. Then (see Lemma 6.8, [4]) 

L (■) < (£)"• m 

0<i<m v 7 

We choose s such that 

es(r + 1)<2 s . (8) 
Then by (7) we have (putting n = p and m = p/(r + 1 )s) 

|T r , s (Z p )| = Y. (t) ^ (es(r+1)) p / (T+1)s < (2 S ) P /(r+1)s = 2P /(t+1) . 

□ 

Let L be a positive integer. For each y G {0, . . . , p — 1 } we define a partition R^l 
of Zp on the intervals of the form = {(iL + 1 +y) (mod p), . . . , ((i+ 1 )L+y) 
(mod p)}, < t < [p/Lj — 1. All intervals are of have length L, and 
the set j y = Zp \ |J 1 jV has cardinality p — L[p/Lj < L. The set } y is called 
remainder partition R y ( j_ . In what follows we fix y £ {0, . . . , p — 1 } and consider 
the corresponding partition Ry,L- For every A C Zp and any integer d define 
d * A = {da (mod p) : a G A}. The set d ★ A is called dilation of A. The set 
A C Zp is called L-granular (see [1]), if some dilation of A is a union of some 
of the intervals jV (other than remainder) . We denote the family of L-granular 
subsets of Zp by G]_(Zp). 
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Lemma 8 We have 

\G L [Z V )\< V 2^ L . (9) 

Proof. Denote the number of subsets of intervals (other than remainder) of 
the partition R y> L of Z p by g(Ry,L), and the number of different partitions R y ,L 
of Zp by r(L). It is obvious that 

|G L (Zp)| < g(R y , L )r(L). (10) 

Note that the number of intervals (other than remainder) of the partition Ry,i_ 
of Zp is equal to [p/Lj , and the number of different partitions Ry,i_ of Z p is 
at most p. This and (10) imply the inequality (9). □ 

Lemma 9 Let A C Z v have size <xp, and let z-\ , £2, £3 be positive real numbers 
and L > 0, k, I be nonnegative integers satisfying k + 1 > 2. Suppose that 

4 2(k+l) a 2(k+l-1 ) £ -2(k+l) £ -2(k+l-1 ) £ _1 



p > (V8(k + l)L) 4 K £ i E 2 £ 3 . (11) 

Then there exists a set A' C Z v with the following properties: 
(i) A' is L-granular; 
(it) |A\A'| < £l p; 

(iii) the set kA — 1A contains all x € Z v for which 

(Xa' * ■ ■ ■ *Xa' *X-A' * • • • *X-A')M > (£2P) k+l_ > wii/t ai most £3p excep- 

S V ' > v ' 

k 1 

tions. 

Proof. Let h € {0, . . . ,p — 1}, and Rk,l be partition of Z p . 

(i) For given set A C Zp we define A' C Z p as the union of intervals }\ of 
the partition Rh,L 5 such that |A n }\\ > £iL/2. From the definition it follows 
that A' is L-granular. It is easy to see that (—A)' = — (A'). 

(ii) Let x € A\A'. Then either x G J h or x G Anj|\ (1 = 0,..., [p/Lj -1), 
and |A n }^\ < £iL/2. In the first case we have |Jhl < L, and inequality (11) 
implies L < £ip/2. Thus, 

|A\A'|<^-H + L <£ lP . 

(iii) Let XaM be the Fourier transform of the characteristic function xa 
of A, so that 

XaM = 2_ XAlyje v = 2_ e p 
yez p yeA 
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for all x € Zp. Take 6 = 4- (k+l) £^ +l e^ +l_1 4 /2 a- (k+l)+3/2 , where £i,e 2 and e 3 
are from inequality (11). Set D = {x / : IxaMI > ^p}. We define the function 
f(x) as follows: 

f(x) = 2L^T 2_ e p • 

)=-(L-1) 

In the future we will show that there exists q € Zp\{0} such that for all x € Z p 
it holds 

lxXM||1-f k+l (x)|<6p. (12) 

The inequality (12) obviously holds for the case x = 0, since f(0) = 1, as well 
as for the case Ixa(x)| < 6p, since f(x) € [—1,1]. Thus, it remains to show 
the existence of q such that the inequality (12) holds for all x £ D. First we 
estimate the value of 1 — f(x). Denote by (x) the distance from x to the nearest 
integer. We use the fact that 1 — cos(27tx) < 2n 2 (x) 2 . Then 



2 \— ■ (+ 27riqx\ 47t 2 I— 1 /iqx^ 
i=i v F 7 j=i 



< 



4tt 2 /qx\ 2L ^ 2 27r 2 L 2 /qxV 

Recall that for |x| < 1 

1 -x m = (1 -x)(1 + x + x 2 + --- + x m ~ 1 ) < m(1 -x). (14) 
From (13) and (14) it follows 

IxXMHI -f k+l (x)| < (k + l)|xX(x)||l -f(x)| < 8(k + l)L 2 (qx/p) 2 |xX(x)|. 
Note that if the inequality 

q*\ < i ( &v V /2 (15) 
p / - ^8(k+i)LVixXW[y 

holds for some q € Zp \ {0} and for all x 6 D then the inequality (12) also 
holds. Now we will prove that such q exists. By definition, we have 

(qx/p) = min{(qx (mod p))/p, (p — qx (mod p))/p}. 
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Set |D | = d, D = {r h . . . ,r d }. We denote cu = ( l/y^k + l)L) (5p/|xX (n) |) 1/2 . 
Then the inequality (15) can be rewritten as 

min{qri (modp),p — qr^ (mod p)} < pc^, where i=1,...,d. (16) 

Denote the set {(xi , . . . , x d ) : Xi , . . . ,x d € Z p } by Z p . We split Z p on disjoint 
subsets 

z P d = U Qw d > 

(ilv.id) 

where 

Qi,,...,i d ={(xi,...,x d ) : "LjT'GLj < x j < (i-j + 1 )pcLj, j = 1,...,d}. 

Let p d be number of different sets of Qi, ... i d - Using the fact that < ij < 
1 /dj — 1 , j = 1 , . . . , d, we have 

d 1 



Let us consider the following p — 1 elements of Z^: 

(qri (mod p),...,qr d (mod p)) , where n r d € D, q = l,...,p-l. 

We show that if 

d 1 



then there exists q such that for all G D, i = 1 , . . . , d, the inequality (16) 
holds. We consider two cases: 

(A) If p d = p — 1 , then we take q = qo, where qo € Z p \ {0} such that 
(qo-n (mod p),...,q r d (mod p)) G Qo,...,o- 

(B) If p d < p — 1 , then by pigeonhole principle, there are qi , q2 G Z p \{0} such 
that the vectors (qiri (mod p), . . . , qit d (mod p)) and (q2i"i (mod p ),..., q2f d 
(mod p)) belong to the same set of Qi, t d - Obviously, when q = qi — q2 the 
inequality (16) holds. 

We now show that inequality (17) is a consequence of (11). Indeed, by the 
Parseval's identity, we have 

p" 1 I Y_ IxX Ml 2 + Y. IxX Ml 2 ) = L Ixa(x)| 2 = «p. (is) 

\xeD xez p \D / xeZp 
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Prom (18) it follows 

Y_ IxXMI 2 < cxp 2 . (19) 

xgD 

From (19) and the arithmetic and geometric mean inequality, we get 

VxGD / xGD 

i.e. 

n^Mi<(^M . (20) 

xgd ^ ' 

From (20) we get 

/ \ 1/2 

(78(kTl)L) d J] < (v^k + ^LaV^-^d- 1 /*) 4 . (21) 

VxGD V J 

It is easy to see that the right-hand side of (21) is an increasing function of d 
in the range d < 64(k + l) 2 L 4 a/5 2 e. 

On the other hand, from (19) we have dS 2 p 2 < ocp 2 . Hence, d < a/5 2 . Conse- 
quently 

(^/8(kTT)L a 1 /4§-1/2 d -l/4 ) d < (78(kTT)L) a/5 \ 

Recall that 5 = 4- (k+l) e 1 f +v 4 +V ~ 1 z\ /2 oC [M]+z/1 . From this it follows that there 
exists q such that the inequality (12) holds. Moreover, without loss of gener- 
ality we can assume q = 1 (this can be achieved by selecting an appropriate 
dilation of the set A). 

Define two functions Xl M an d XlM as follows: 

xiM = |^|(xa*x^)W, 

where J = {-(L - 1 ),..., L - 1}. From (2) it follows that 

XiW = ^|An(^ + x)|, (22) 
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XzM =|^rl(-A)n(J r + x)|, 



(23) 



and from (3) we have Xi M = XA(x)f(x) and X2M = X^X(x)f(x). Hence, by 
Parseval's identity and from (3) we get 



L 

xez p 



(Xa * • • • *Xa*X-a * • • • *X-a)W - (Xi * • •• *Xl *X2* ■■ • *X2)W 

V V ' 

k 



I 



I 



-p-'L 

xez t 



( Xa * " " " * Xa * X^a * ' ' ' * X-a ) M - ( Xi * • • • *XT * X2 * ■ ■ ■ *Xz ) M 

k l k I 

2 



1 - f k+l fx 



= P _1 Y. |xX k (x)x^ l (x)-x1 k (x)£ l (x) 
xeZp 

= p" 1 ^ lxXWI 2k lx^X(x)l 21 

xeZp 

<p- 1 f sup IxaMMx^XMI 1 1 -f k+l (x)h T lxX(x)| 2 . (24) 

V xeZ p 7 x GZp 



We have 



IxaWI 



IX-a(x) 



L 

yez v 



XAlyJe v 



Y_ X-A(y)e 
yez p 



p 



yeA 

L 

ye-A 



2m^ 
2 v 



< 



L 

y€A 



e p 



2m^ 

e p 



ye-A 



I 2mH2i 

e p 



OP, (25) 



txp. (26) 



Prom (12), (18), (24), (25) and (26) it follows 



xeZp 



( Xa * • • • * Xa * X-a * ■ ■ ■ * X-a ) (x) - ( xi * ■ ■ ■ * )Q * X2 * • • • * X2 ) M 

k l k I 



< 



< sup IxaWI 

VxGZp 



1 -f k+l fx 



a 2(k+l)-3 p 2(k+l)-3 < 
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< a 2(k + l)-3 6 2 p 2(k + lM_ (27) 

Suppose that x G A' (x G — A'). Then there exists an interval I of length L 
such that 1 C {x — (L — 1 ), . . . , x + (L — 1 )} and x G I. From definition of A' 
(-A') it follows that |XnA| > e.^L/2 (|Xn(-A)| > £iL/2). From the definition 
of XiM (X2M) it follows that Xi M > £ i/4 (xiM — £ l/4)- Observe, that 
XiM > £ iXa'M/4 and X2M > £ iX-A'M/4 hold for all x G Z p . From this 
and (2) it follows that 

( Xi * • • • *X\ * X2 * ■ ■ ■ *X2 )M > 
k I 

> e^ +l (XA' * • • • * XA' *X-a' * • • • * X-A')M/4 k+V (28) 



for all x G Zp. In the case 



(XA' * ••• *XA'*X-A' * • • • *X-A')M > ( £ 2P) > (29) 

v v ' ^ v ' 

k I 

by (28) we have 

( xi *- - -*xi y * y2*- - -*X2 )M > £l k+l (£2P) k+l "V4 k+l . (30) 

k I 

Now we show that the number of elements x G Zp such that satisfying (29) 

and (xa * ■ ■ ■ * Xa *X-A * • • • * X-a)M = 0, does not exceed z^V- Denote the 

k i 
set of such elements by F. Observe, that for every x G F 

I( Xa * • • • *Xa * X-a * • • • *X-A y )M - ( Xi * • • • *Xi, * X2 * • • • *X2 )MI 2 > 

k I k I 

2(k+l) 2(k+l-l) 2(k+l-l) 

* - — -^m 1 • ( 31 ) 

By (27) and (31) 

a 2(k+l)-3 § 2 p 2(k+l)-l > 



21 

xeZp 



(XA * • • • *Xa*X-a * • • • *X-a)W - (Xi * ' ' ' *Xl *X2 * • • • *X2)K 
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x6F 



( Xa * • • • *XA * X-A * • • • *X-a ) M - ( Xi * • • • * gj, * X2 * • • • *X2 ,) M 

k 



I 



+ 



+ L 

xG(Z p \F) 



+ L 

xg(z p \f; 



( Xa * • • • * Xa * X-a * • • • * X-a ) M ~ ( Xi * ' • ' * X\ * X2 * • • • * X2 , ) M 

k 1 k I 

, 2(k+l), 2(1c+l-1)_2(k+l-1) 

* ' F '- + 

( Xa * ■ ■ ■ * Xa * X-a * • • • * X-a ) M ~ ( Xi * ' • ' * X\ * X2 * • • • * X2 ) M 

k 1 k I 



This implies 



4 2(k+l) a 2(k+l)-3 5 2 
l F " ^ £l 2(k + l) £2 2(k + l-l) P ^ £ 3P- 



□ 



3 The proof of Theorem 1 
3.1 The upper bound 

Let k,l be nonnegative integers with k + l > 2. Suppose that s satisfies es(k + 
1+1) < 2 s . We divide a partition of SS k j(Z p ) into two parts: 

SS k , t (Z p ) = SS^ s (Z p ) U SS£ ljS (Z p ), (32) 

where 

SS£ >liS (Z p ) ={B € SS kjl (Z p ) : B =kA-lA and |A| < p/(k + I + 1 )s}, 

SS^ l)S (Z p ) = {B e SS k)l (Z p ) : B =kA-lA and |A| > p/(k + I + 1 )s}. 
It is obvious that 

|SS k)l (Z p )| < |SS( )l)S (Z p )| + |SS£ ljS (Z p )|. (33) 
Since every set A C Z p generates one set of the form kA — IA we obtain 

|SS; M (Z p )| <|T k+l)S (Z p )|. (34) 
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By (7) and (34) we have 

|SS^ s (Zp)| <2P /(k+l+1) . (35) 

Now we prove an upper bound for ISSj^ s (Z p )|. Suppose that the cardinality 
of A C Z p is larger than p/(k + I + 1 )s. Let p be a prime number such that 
for some nonnegative integers k, I, L > and positive real numbers e-\ , ti and 
£3 the condition (11) is fulfilled. By Lemma 9 there exists a subset A' with 
properties (i) — (iii). We estimate the number of (k, l)-sumsets kA — IA by 
counting pairs (A', kA — IA). 

Now let A' € G]_(Zp) be given. For any subset C C Z p we denote by C the 
complement of the subset C in Zp. 

If |A'| > p/(k + 1 + 1 ) , then from (iii) of Lemma 9 we obtain that kA — IA 
is a subset of the union of the set ^+1-1 x+1 { Xa>, • • • ,XA';X-A'> • • • >X-aO 

k I 

and a set of cardinality not exceeding £3p. By Lemma 6 we have 

l S fe,p] k+l - 1 ,k+l foA , » • - J »XA' A X-A', . -j ,X-A'J i > 
k I 

> min(p, (k + l)|A'| - (k + 1) + 2) - 2((e 2 p) k+l " 1 p) 1/2 - 
If |A'| > p/(k + l+ 1), we obtain 



|S f £7 p) k+l - 1 .k+J XA' ) • y .XAMX-A', • - mX-aO I - 
k ~ X~ 

= V - \S( £ , v) ^-\ k+ li XA>, ■ - yXA' y , X-A', ■ . . ,X-aO I < 

k ~~ X~ 

< p/(k + 1 + 1 ) + 2 £2 ( k+l - 1 )/y k + 1 )/ 2 + (k + 1 — 2). 

It is obvious that for any subset B C Zp the set kB — IB uniquely determines 
the set kB — IB. From above it follows that the number of choices kA — IA for 
given A' of cardinality exceeding p/(k + I + 1 ), is at most 

2p/(k+l+l) + (k+l-2) + (2£ 2 ,lc+l -" / V k+l - 2)/2 +E 3 )p (30) 

If |A'| <p/(k + l+1), then by (i) of Lemma 9 we have |A\A'| < . This 
implies that |A| < |A'| + £ip. Since every set A C Z p generates exactly one set 
of form kA — IA, we obtain that the number of choices kA — IA for given A' 
of cardinality not exceeding p/(k + 1 + 1 ), is at most 

2P/(k+l+l)+£ 1 p_ 
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Prom (36), (37), Lemma 8 by applying Lemma 9 with parameters £i = £3 = e, 
L = 1 + [1/eJ and e 2 = e 2/(k+i-l)p(2-lc-l)/(k+W) j we obtain 

|SS(' !ljS (Z p )| < 2(P/( k + l + 1 »+( k + l - 2 )+°(T'). (38) 

From (33), (35) and (38) it follows that 

|SS k i(Zp)| < 2 v/(k+w) + 2{P/( k + l+1 "+{ k + l - 2 '+ (P' = 2(P/( k + l + 1 »+( k + l - 2 )+°(P). 

3.2 The lower bound 

Set SS k , v (Z p , P) = {A : P C A, A € SS k)l (Z p )} and L = [p/(2(k + 1) - 1 )J - 1 . 

Lemma 10 Let k,l be nonnegative integers with k+ l > 2, and let P C Z v be 
arbitrary arithmetic progression of length (k+ l)(L — 1 ) + 1 . Then there exists 
a positive constant such that 

|S5 k)l (Z p ,P)| > C^/WW. 

Proof. Without loss of generality we assume P = {k — IL, . . . , kL — I}. All of 
our sets will be of the form 

A = A(B) = k(B U {-(2L + 1 ), 2L + 1}) - l(B U {-(2L + 1 ), 2L + 1}), 

where B C {— L, — L + 1 , . . . , L} and — B = B. It is easy to see that different sets 
B C {— L, — L + 1 , . . . , L} generate different sets A(B). 
Set N k)V = [log (8(k + I) 2 )/ log (4/3)1 and 

k+l-1 

X = {0,l,...,N k ,JU |J (L(i + 1)L/(k + l)J-N k)l ,...,[(i+l)L/(k + l)l). 

i=1 

We define the set B C {— L, — L + 1 , . . . , L} as follows: 

B = B(C) =-cucuxu-x, 

where elements of the set C are picked from the set {1 , . . . , L} \ X randomly, 
independently, with probability 1/2. Set 

k+l-1 

Y = {0}U{k + l,...,(k + l)N k)l }U |J {(i+1)L-(k + l)N k)l ,...,(i+1)L}. 

1=1 
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It is obvious that — Y U Y C kB — IB . If x £ kB — IB , then in the representation 
x in the form x = x-\ + • • • + x k — x k+ i — • • • — x k+ i, there exists at least one Xi 
(i G {1, . . . , k + I}) such that Xi ^ B. Set 

k k+l 

Q[x) ={(x 1 ,...,x k+l ) :x = ^Xi- Y_ Xj,xi,...,x k+l G {— L, . . . , L}}, 

1=1 j=k+i 

and suppose that |Q(x)| = q. 

We say that the vectors (xi , . . . , Xk+i) and (y i , . . . , y k +i) do not intersect, if 
{x b ..., x k+l }n{y y k+ J = 0. 

Set TZ = {(k + l)N k)l + 1 , . . . , L}. We show that for every x G -TZ U TZ the 
following inequality 

Pr(x £ kB - IB) < I - J (39) 

holds. We have 

Pr(x i kB — IB) = 

= Pr((x] + • • • + xi - x k+1 x k+l £ kB - IB)& . . . 

...&(x 1 q + ---+xg-x2 +1 x^kB-lB)) < 

< Pr (( x 1l + . . . + x ii _ ^ kB _ lB )&. . . 

...fetx^ + .-. + x^-x^ x&gkB-lB)) = 

= Pr((xJ 1 ^BV-Vx^ g B)&...&(x] n £ B V • • • V x^ x £ B)) = 

= Pr((x] 1 ^B)V---V(xiVi^B)) •...•Pr((x] n G'B)V---V(x k ^B)) = 

= Pr ((xj 1 GB)&...&(x k ^GB)) x . . . 

• • • x Pr ((x] n G B)&...&(x k ^ G B)) = 

= (l - Pr ((x] 1 G B)&...&(x k ^ G B))) x ... 

• • • x (l - Pr ((x] n G B)&. . . &(x& G B))) , (40) 

where the vectors (x], . . . , x k+ J G Q(x), i = 1 , . . . , q, and the vectors (x]', . . . , 
x k+i)> 3 = 1)---) n < ci) are pairwise disjoint. 
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Note that the vectors (x— i(k+l— 1 ), I, . . . , i , — i, . . . , — i ) are pairwise disjoint 

k-1 ~X~ 

for every x G — TZo, where — [|x|/(k + l)J < i < — 1, and x G TZo, where 
1 < i < [x/(k+ l)J . From this and (40) we obtain the inequality (39). 

Set £j ={jL + 1,...,(j + 1)L-(k + l)N kil -1}, j = 1,...,k + l-1. Similarly 
to the inequality (39) we have 

I (j+DL-M I 
/3\ l kTT J 

Pr(x^kB-lB) < f-J , (41) 

where x € — £, U£j,j = 1,...,k + l — 1. 
From (39) and (41) it is easy to see that 




Note that if N k)l > log (8(k + l) 2 )/log (4/3), the right-hand side of (42) does 
not exceed 1 /2. This leads that there exists at least 2 L ~' k+l ' Nk < l ~ 1 subsets 
B C {— L, — L + 1 , . . . , L} such that P C kB - IB. □ 

Let k,l be nonnegative integers with k + 1 > 2, and let P C Z p be arbitrary 
arithmetic progression of length (k + l)(L — 1 ) + 1 . By Lemma 10 we have 

|SS k)l (Z p )| > |SS k)l (Z p ,P)| > c KX 2^ 2 ^- y K 
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